STOCHASTIC FLOWS OF SDKS WITH IRREGULAR COEFFICIENTS AND 
STOCHASTIC TRANSPORT EQUATIONS 



XICHENG ZHANG 

Department of Mathematics, Huazhong University of Science and Technology 
Wuhan, Hubei 430074, P.R.China, 
0^ ' School of Mathematics and Statistics 

, The University of New South Wales, Sydney, 2052, Australia 

' Email: XichengZhang@gmail.com 

^ . Abstract. In this article we study (possibly degenerate) stochastic differential equations (SDE) 

' with irregular (or discontiuous) coefficients, and prove that under certain conditions on the co- 

efficients, there exists a unique almost everywhere stochastic (invertible) flow associated with 
the SDE in the sense of Lebesgue measure. In the case of constant diffusions and BV drifts, 
we obtain such a result by studying the related stochastic transport equation. In the case of non- 
constant diffusions and Sobolev drifts, we use a direct method. In particular, we extend the recent 
Pm i results on ODEs with non-smooth vector fields to SDEs. Moreover, we also give a criterion for 

the existence of invariant measures for the associated transition semigroup. 

1. Introduction 

Consider the following Ito's stochastic differential equation (SDE): 



OO 



> 

^; dX, = b{Xr)dt + (T(Xr)dWr, Xo = X, (1.1) 

^ ; where b : ^ and cr : R'' ^ R'' x are two Borel measurable functions, and (W,),^o is 
• ' the m-dimensional standard Brownian motion on the classical Wiener space (Q, 'F, P; {Tdt^o), 
■ i.e., Q is the space of all continuous functions from R+ to R™ with locally uniform conver- 
0\ \ gence topology, T is the Borel cr-field, P is the Wiener measure, {'Ft)t>o is the natural filtration 
^ ' generated by the coordinate process Wt(co) = a){t). 

It is by now a classical result that if b and cr are globally Lipschitz continuous, then there 
^ . exists a unique bi-continuous solution (t, x) i-^ X,{x) to SDE (|l.ll) such that for almost all to 
^ ! and any t > 0, x Xt(co, x) is a homeomorphism. Thus, {X,(x), x e R^'lr^o forms a stochastic 
homeomorphism flow (cf. [fT6l ). Recently, there are increasing interests for studying the sto- 
chastic homeomorphism flow property associated with SDE (11.11) under various non-Lipschitz 
assumptions on b and a (cf. [|2ll[Dl2Ql|25l[8l|9l[l0l[IIl |28J, etc.). Here, the non-Lipschitz 
conditions may be less smooth or not global Lipschitz . 

On the other hand, when cr is non-degenerate and b is not continuous and even singular, SDE 
(11.11 ) may have a unique strong solution for each starting point .x: e R'' (cf. [[Ml [Hi |26l, etc.). 
But it is not known whether it still defines a stochastic homeomorphism flow. In the completely 
degenerate case (cr = 0), a celebrated theory established by DiPerna and Lions [6J says that 
ordinary differential equation (ODE) 

dX, = b{X,)dt, Xo = x (1.2) 

defines a regular Lagrangian flow in the sense of Lebesgue measure when is a Sobolev vector 
field with bounded divergence. This theory was later extended to the case of BV vector fields by 



Keywords: Stochastic flow, DiPerna-Lions flow, Hardy-Littlewood maximal function. Stochastic transport equa- 
tion. Invariant measure. 

1 



Ambrosio 0. The central of DiPerna and Lions' theory are based on the connection between 
ODE and the Cauchy problem for the transport equation: 

dfU + b'diU = 0, u\t=Q = uq. (1.3) 

Here and below, we use the usual convention: the repeated indices will be summed. By intro- 
ducing a new notion of renormalized solutions, DiPema and Lions showed the uniqueness and 
stability of -distributional solutions for (|1.3I) when b is Sobolev regular so that they can go 
back to ODE and show the well posedness of (11.21) with Sobolev vector field b in the distribu- 
tional sense. 

We now back to SDE (|l.ll) . It is also well known that SDE (II. 1|) is connected with the 
following stochastic transport equation (cf. [[T61I24I '): 

du = lcr"(Tj'dlu - (b' - (rj'djcr")diudt - a^'diUdWl m|,=o = "o- (1-4) 
2 

Thus, it is natural to ask whether we can extend the DiPerna and Lions theory to the case 
of SDEs. Notice that (11.41 ) is always a degenerate second order stochastic parabolic equation 
whatever cr is or not degenerate. More general second order linear stochastic partial differential 
equation has been recently studied in [|28ll . In general, it is hard to solve equation (11.41) if b 
and cr are not smooth (cf. ['245). The source of difficulty clearly comes from the degeneracy. 
Nevertheless, we can extend the well known theory about the transport equation to the case of 
constant cr and BV vector field b. In this case, it will be shown that we can also go back to 
SDE (11.11) from stochastic transport equation (11.41) and obtain the well posedness of SDE (11.11) 
with BV drift. We remark that in another direction, Flandoli, Gubinelli and Priola [13] studied 
the well posedness of (11.41 ) when b is Holder continuous and cr is the unit matrix, where their 
proofs benefit from the stochastic flow associated with SDE (11.11 ). We emphasize that when a 
is constant, SDE (11.11 ) can be directly solved by transferring it to a time dependent ODE. But, 
this will lose some "stochastic flavor". 

Recently, Crippa and De Lellis [5] derived some new estimates for ODEs with Sobolev coef- 
ficients. These estimates allowed them to give a direct and simple treatment for DiPema- Lions 
flows. The key ingredient of their method is to give some control for the following quantity in 
terms of ||VZ?||lp {p > 1): 



r rr i \xAx)-xAx + y)\ , 

sup sup -r log + 1 

J Br fe[0,r] re[0,2R] [ Jb,- \ / 



dx. 



where 5,. := {x e R'' : < r] denotes the ball with radius r and center 0. For estimating this 
quantity, the Hardy-Littlewood maximal function was used to control the difference \b{Xs{x)) - 
b{Xs(x + y))\. Moreover, the stability was also derived in [5j by using a similar quantity. We 
remark that the above quantity was first introduced in Q in order to prove the approximative 
differentiability of regular Lagrangian flows. The second part of this paper is to extend Crippa 
and De Lellis' result to the stochastic case so that cr can be non-constant. 

We also mention that Figalli [12J has already developed a stochastic counterpart for DiPerna- 
Lions theory. Therein, the martingale solution (or weak solution) in the sense of Stroock- 
Varadhan was considered corresponding to the Fokker-Planck equation. Moreover, the non- 
degenerate condition on cr is required when cr is non-constant. Compared with lfT2ll . we can 
directly construct the "strong" solution of SDE (|l.ll) with Sobolev drift and possibly degenerate 
diffusion coefficients in the sense of Lebesgue measure. Moreover, as an easy consequence, 
we can uniquely solve the SDE in the classical sense when the initial value is an absolutely 
continuous !7^-measurable random variable (see Corollary 16.41 and Corollary 16.51 below). It 
should be noted that for the simplicity, we only consider the time independent coefficients in 
the present paper. Clearly, our results can be extended to the time dependent case by requiring 
some integrability in the time variable. 
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In the study of stochastic dynamical systems, an important problem is to prove the existence 
of equilibrium point (invariant measure). Since we are dealing with non- smooth stochastic 
differential equations, it is not expected to have the Feller property for the associated transition 
semigroup. Thus, it seems that the classical coercivity condition is not enough to guarantee 
the existence of an invariant probability measure for SDE (11.11) (cf. HI HBl). In the present 
paper, we shall give a criterion for the existence of an invariant probability measure in terms 
of the classical coercivity condition as well as some divergence condition (see Theorem 12.81 
below). We want to emphasize that in our result, such an invariant measure is indeed absolutely 
continuous with respect to the Lebesgue measure. 

This paper is organized as follows: in Section 2, after introducing the notion of almost every- 
where stochastic (invertible) flow, we give two direct consequences of this notion and then state 
our main results. In Section 3, we give some necessary preliminaries for later use. In Section 4, 
we study stochastic transport equation (11.41) in case that b e BV/or has bounded divergence and 
cr is constant. In Section 5, we apply the results of Section 4 to the study of stochastic flows 
of SDE with BV drift and constant diffusion coefficients. In Section 6, we extend the result of 
|[5| to the stochastic case. Here, an SDE with discontinuous coefficients is provided to show 
our result. This section can be read independently of Sections 4 and 5. In Section 7, we prove 
our main results. In the appendix, we give a detailed proof about the flow property as well as 
the Markov property when SDE (11.11) admits a unique almost everywhere stochastic flow in the 
sense of Definition 12.11 below. 



We first introduce some necessary notations. Let (E, S,ju) be a measure space and .9' : E ^ 
E a measurable transformation. We shall use // o ^7 to denote the image measure of jj. under 5^, 
i.e., for any nonnegative measurable function ip. 



By ju o ^ ^ fi we mean that /u o ^ is absolutely continuous with respect to /u. Let C)!°(R.'') 
be the set of all smooth functions on R.'' with compact supports, Chi^'^) the set of all bounded 
continuous functions, and X"^(K.'^) the set of all nonnegative Borel measurable functions. Below, 
we shall denote the Lebesgue measure by J^(dx) or dx. 

Convention: The repeated indices will be summed. The letter C with or without subscripts 
will denote a positive constant whose value is not important and may change in different oc- 
casions. Moreover, all the derivatives, gradients and divergences are taken in the distributional 
sense. 

We introduce the following notion of almost everywhere stochastic (invertible) flows, which 
is inspired by LeBris and Lions [,18] and Ambrosio L2J. 

Definition 2.1. Let Xdco, x) be a Mf' -valued measurable stochastic field on R+ x f2 x W^. We say 
X an almost everywhere stochastic flow of U.l^ corresponding to (b, cr) if 

(A) For ^-almost all x e W^, t Xt{x) is a continuous (fthadapted stochastic process 
satisfying that for any T > 



2. Main Results 





and solves 
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(B) For any t > and P-almost all co e Q, ^ o X,{to, ■) «: =Sf . Moreover, for any T > 0, there 
exists a constant Kt^^o- > such that for all (p e £,'^(W') 

sup E I (p(X,(x))dx < KT,b,cT \ <p{x)dx. (2.1) 

We say X an almost everywhere stochastic invertible flow of {\l.l\) corresponding to (b, cr) if 
in addition to the above (A) and (B), 

(C) For any t > and P-almost all co € Q, there exists a measurable inverse X~^ {to, •) ofX,{(x), •) 
so that =Sf o X~^{cji), ■) = Ptico, ■)^, where the density Ptix) is given by 

Pt(x) := exp 1^ [divb - ^diCrj'djcr"](X,(x))ds + div(r(X,(x))dW^,j . (2.2) 

Here, diver' : = 5,cr'' and we require that for any T > and ^-almost all x e R'', 

[\d\yb\ + \di(Tj'dj(r"\ + |divcrp](X,(x))d^ < +oo, P- a.s. 

Remark 2.2. If cr = constant and divb 6 L°°(R''), then (C) clearly implies (B). In fact, in this 
case we have 

^ o Xlui, •) = p-\uj,X-\i^, ■))^ 

and by ^2.21) 

\p-\io,X;\co,x))\<e'\\''"''\\-. 

In what follows, for the simplicity of notations, we shall drop the time variable t and the 
spatial variable x if there are no confusions. For examples, for a function /v(x), we simply write 

fs{x)dxds 



JoJ JoJr'' 



and 



r r fdw, := r r /.(x)dxdw,. 

JoJ JoJvl'' 
The following result is an easy consequence of Definition 12.11 



Proposition 2.3. Assume that b e L/„^(]R^) with diwb e LIjW) and a e C^(W^). Let X be 
an almost everywhere stochastic invertible flow of di.il) in the sense of Definition \2.1\ Let 
Uq g L°°(R'^) and set u,{x) := Uq{XJ^{x)). Then Ut(x) solves the following stochastic transport 
equation in the distributional sense: 

du = ]-cr''crj^dlu - b'^djudt - o-"diudWl, 
2 

where b'^ := b' - cr->'djcr''. In particular, Ut{x) := Euo{X^^ (x)) is a distributional solution of the 
following second order parabolic differential equation: 

d,u = l-cr'^o-^^d^M - b'^diU. 
2 

Proof Let (p e C^iW'). By (C) of Definition O we have 

- rr ibldiu)ip = f f uoiX-')-divib^^)= [ [ uo-diy(,b^^XX)-p = 
JoJ JoJ JoJ 



= J J Uo ■ (bldnpm ■ p + J^J Uo ■ {(pdiwb^XX) ■ p. 
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Similarly, 

JoJ JoJ JoJ 



and 



Moreover, by stochastic Fubini's theorem, we have 

JJ uo ■ (b'^di<p){X) .p + Jjuo- icT"di<p){X) ■ pdWl 



and 



J^J Uo ■ {divb^ ■ <p)iX) .p + Jjuo- (diva- ■ ip)(X) ■ pdW, 

= J Mo (^(divZ7,-<^)(X)-pd5 + ^ (diver ■<^)(X)-pdW,j. 
On the other hand, by (12.21) and Ito's formula, we have 

= 1 + Ps[diyb^ + ^dl(cr"cT^')](X,,)ds + ^ pAo-\X,,)dWi, 



and 



d[^(X,)p,] = [b'dicp + ^cT"(rj'dl<pYx,)p4t + icr''di^)(X,)p4Wl 

+[<pdiwb^ + ^^dlicr''crj')]iX,)p4t + [^diCr"]{X,)p4Wl 

+[cr"di(pdjCrJ'](X,)p4t 
= b%^(XdPtdt + {a^'diipXXdPtdWl 
+ipdhjbAXt)Ptdt + {<pdia\X,)ptdWl 

+ ^-dl{(T''ai'ip){X,)pAt. 
Combining the above calculations, we get 

\ JJ (r'^crj'dlu<p - JJib'^diU)<p - JJi(r%u)<pdWl 
= J Mo 1^ d[^(X,)p,] j = J Uo[(p{X,)pt - <p] 

= J uo(X;^)(p -J Uo(p = J Ut(p- J Uo(p. 

The proof is complete. □ 
The following proposition is much technical. We shall prove it in the appendix. 



Proposition 2.4. Assume that SDE t\l.l\) admits a unique almost everywhere stochastic (or 
invertible) flow. Then the following flow property holds: for any s > Q and (P x ^)-almost all 
{to, x)£Qx W^, 

Xt^.ico, x) = Xt{e,oj, X,{oj, x)), V? > 0, (2.3) 
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where OsCO := co{s + ■) - co(s). Moreover, for any bounded measurable function (p on W^, define 

1,ip{x) := ^{X,{x)), 

then for any t,s > 

E(ip(X,^,(x))\rs) = %^(XAx)), (Px^)-a.e. (2.4) 

In particular, (Tt)t^o forms a bounded linear operator semigroup on L'\W')for any p > 1. 

Remark 2.5. Here, an open question is that whether the following stronger flow property holds: 
For (P X ^)-almost all {oj, x) W^, 

x) = Xie^oj, x)\ V?, s>0. (2.5) 

In the language of random dynamical systems (cf. Definition 1.1. property l\2.3\) is called 
"crude", and property ^2.51) is called "perfect". A deep result of Arnold and Scheotzow (cf. 
dH p. 17, Theorem 1 .3.2] j asserted that a crude cocycle admits an indistinguishable and perfect 
version. But, it seems that we can not use their result to deduce A2.5\) since it is not clear how to 
endow a structure on the set of all measurable transformations so that it becomes a Hausdorff 
topological group with countable topological base. 

Our main result of this paper is: 

Theorem 2.6. Assume that 



, dhibix) e L'^iW) (2.6) 



1 + \x\ 

and one of the following conditions holds: 

b{x) € BY and cr is independent of x; (2.7) 
{ \Vb{x)\ e {L\ogL)UB.\ 
|Vcr(jc)|, sup \(t{x - z)\ ■ |Vdiv(r|(jc) e L~(]R''). ^^"^^ 

Then there exists a unique almost everywhere stochastic invertible flow of ^i.il) corresponding 
to ib, cr) in the sense of De finition \2.1\ 

Remark 2.7. By deflnitions, b e BVioc means that Vb is a locally flnite vector valued Radon 
measure on M!^; and \Vb\ e (L log L)/oc(R'') means that \Vb\ logdVZ^I + l) e L^^^{Mf'). In particular, 
for any p > \, 

LliR') c (LlogL)to,(]R^) c LUr'). 
In ( 12.^1) . the second condition on cr is certain growth restriction ofcr and Vdivcr. 
About the existence of invariant measure of (T,),^o, we have the following criterion. 

Theorem 2.8. Assume that SDE ALU admits a unique almost everywhere stochastic flow with 
KT,b,a = Kh a- in f |2.iP independent of T, and (b, cr) satisfles 

{x,b(x))^. + \\cr{x)\\l,s. < 0( or -C,\x\^ + C2), (2.9) 

where Ci, C2 > 0, and \\cr(x)\\H.s. denotes the Hilbert-Schmidt norm of matrix cr(x). Then (Tt)tM) 
admits an invariant probability measure fi(dx) = y(x)dx with y e L°°(R'') n V(R'') so that for 
all if e ViW^) andt>0 

I TrV(x)y(x)dx = I (p(x)y{x)dx. (2.10) 

JR'I JR'I 



Remark 2.9. It is well known that ifT, is a Feller semigroup, then under A2.9\) , there exists an 
invariant probability measure for T,. In our case, may be not a Feller semigroup. In Theorem 
\6.3\ below. we shall give a condition such that Kr^h.a- = Kb^a- in (|Z7]) is independent ofT. 

These two theorems will be proved in Section 7. 
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3. Preliminaries 

In this section, we prepare some lemmas for later use. Below, we consider SDE (|l.ll) and 
assume that b,cr e C'^{W') are C^-smooth, which together with their derivatives of all orders 
are bounded. It is well known that the family of solutions {Xt{x), t > 0}xeM.'' to SDE (11.11) forms a 
C°°-diffeomorphism flow (cf. [|T5l[T6l ). We have the following simple result about the Jacobian 
determinant of stochastic flow. 

Lemma 3.1. Let Pt(x) be defined by A2.2\i . Then 

det(VX,W)=p,(x) (3.1) 

and for any T > and p > I, 

E\ det{VXT\x))f < exp |pr(||[-divZ> + ^dicr^'djir" + cr"dl(T''' + ||divcrp]+|U)| , (3.2) 
where for a real number a, a^ := a W := max(a, 0). 

Proof. Let b' := b' - ^o--''djO-'' . We write equation (|l.ll) as Stratonovich form: 

dX = b(X)dt + (r(X) o dWt, Xq = x. 
Let W" be the linearized approximation of Wf Consider the following ODE: 

dX^ix) = b{X„)dt + cr(X„)W';dt. 

Then, 

det(VX„,,(x)) = expjj^ diwbiXnAms + diw(TiX„,,ix))W':dsy 
By the limit theorem (cf. [fT5l[T6l ). we get 

det(VX^(;c)) = exp | div^(X,(;c))d^ + ^ diycr(X,(x)) o dW^ . 



(13.11) then follows by rewriting the Stratonovich integral as Ito's integral. 
On the other hand, fix T > and let 7, solve the following SDE: 

dY, = -b(Y,)dt + criYt) o dW^ , Yq = x, 

where Wj := Wr-t -Wr-lt is weU known that (cf. [USllTel) 

Xj\x) = Yrix). 

As above, we have 

det(Vyr) = ^'^pj-J^ divb{Y,)ds + div(r(y,) o dW^jj 

r \-divb + ]-(T''dl(Tj'](Y,)ds+ f diw(r{Y,)dWj 
Jo 2 J Jo 



= exp 
Note that for any p > I 

1 1-> exp < p 



divcr(Y,)dWj - ^ |divcr(n)l'd5| 



is a continuous exponential martingale. Estimate (13.21) then follows by Holder's inequality. □ 

Let C^(R'^') be the set of all smooth functions with polynomial growth. The following propo- 
sition is an easy consequence of Proposition |23] (see also [.24. p. 180, Theorem 1]). 
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t> s>0. 



Proposition 3.2. For any uq g C^CR''), let Ut{x) := Uq{Xj ^{x)). Then Ut(x) solves the following 
stochastic transport equation in the classical sense: 

du = l-cr''(T^'d^:udt - b'^diudt - cr''diUdWl, a|,=o = ^o, 
2 ■' 

where b'^ := b' - cr^'djCr''. 

The following result can be found in [fT6l and [|24l p. 180, Theorem 1]. 
Proposition 3.3. Let Xsj(x) solve 

X,,ix) = ^ + J HX.s,,-)dr + J cr(X,,.)dW„ 

Fix t > 0. For any vo e C~(R''), let v.v,?(jc) := vo(Xs,t(x)), where s e [0, t]. Then v.v,r(jc) solves the 
following backward stochastic Kolmogorov equation in the classical sense: 

dv + ]-(r"(rj'd^fVds + b'divds + (r''diV * dW^ = 0, v|,=, = vq, 
where the asterisk denotes the backward ltd 's integral. 

Let C^iW') be the set of all non-negative continuous functions on R'' with compact support 
and a countable and dense subset of C^iW') with respect to the uniform norm H^IU : = 
sup^gj^rf \(p(x)\. We need the following simple lemma. 

pd . nil 



Lemma 3.4. Let X, 7 : R — > R be two measurable transformations. 



(i) Let y e £'^(W') n L] (W'). Assume that for any (p e 



J Jif-y. (3.3) 

Then this inequality still holds for all (p e X^(R^). In particular, o X <^ ^ . 

(ii) Let p : ^ "R^ be a positive measurable function with p e L[^^,(R^). Assume that for 
any (p,iff e'^, 

J cp(Y)-i/f = J ip-m-p. (3.4) 

Then X admits a measurable invertible Y, i.e., X~^{x) = Y(x) a.e.. Moreover, 

ifoX-i=p^, ^ oX =p-\x-^)^. 

Proof, (i) Thanks to the density of ^ in C^(R''), by Fatou's lemma and the dominated conver- 
gence theorem, one sees that (13.31) holds for all (p e C^{W'). Now, let O c R'' be a bounded 
open set. Define 

' ^ ( 1 -I- distance(x, O') 
Then ^„ e C+(R'') and for every x e W', 

(finix) T lo(^) as n ^ oo. 



By the monotone convergence theorem, we find that (|3.3I) holds for (p = Iq. Thus, the desired 
conclusion follows by the monotone class theorem. 

(ii) As above, one sees that (13.41 ) holds for all (p,tff & Jl^iR''). Thus, we have for all tp,4' ^ 

J ip{XoY)-ilf = J cp(X)-ilf(X)-p = J ip-ijf 

and 

J ^•<A(FoX)-p = J ip{Y)-ilf{Y) = J ip-il^-p. 



By the monotone class theorem, we obtain that for any Borel measurable set A c R'' x R'^, 
and 



r lAix,YoX(x))-e-^''^dx= f lA{x,x)-e-^Mx. 

Hence, letting A = {(x,y) : x y} yields that X o Y(x) = x and Y o X(x) = x for =Sf -almost all 
X eMf' . The result follows. □ 

The following lemma will play a crucial role for taking limits below. 

Lemma 3.5. Let Xn(co, x) : Q.xW' ^ R^, n e M be a family of measurable mappings, which 
are uniformly bounded in L^^(R''; U{Q.))for any p > \. Suppose that for P-almost all oj £ Q, 
^ o Xn{co, ■) ^ =Sf and the density ynico, x) satisfies 

sup ess. sup E|7„(.x:)p < Ci. (3.5) 



If for (P X ^)-almost all (o), x) eQ.x W^, Xn{co, x) X(a), x) as n ^ oo, then for P-almost all 
CO eO., ^ o X{cji), •) <^ ^ and the density y also satisfies 

ess.supE|7(x)P < Ci. (3.6) 

Moreover, let (tffn)neN be a family of measurable functions on and satisfy that for some C2 > 
and a > 1 

sup ess. sup - — — — < C2. (3.7) 

Ifi//n converges to some ij/ in Lj^^(R'^), then for any N > 0, 

lim E r |<A„(X„) - (A(X)I = 0. (3.8) 

Proof Fix (fi e G C'^iW') with support contained in for some N > 0. Then by Fubini's 
theorem and Fatou's lemma, we have for P-almost all to e CI, 

f cp(X(oj)) < lim r ip{X„(cu)) = lim ■ 7^(0;) =: lim r„(oj). (3.9) 

%J \J /7— »co \J n~>oo 

By (13.51) . there exists a subsequence still denoted by n and a 70 e U°{W'; L^{0.)) satisfying (13.61) 
such that 

7„ weakly * converges to 70 in L°°(R''; L^(Q)). 

Since 7,, also weakly converges to 70 in I}{Bm x Q), by Banach-Saks' theorem, there is another 
subsequence still denoted by n such that its Cesaro mean y,, '■= \ ZLi Jk strongly converges to 
7o in L}{Bf^ x Q). Thus, there is another subsequence still denoted by n such that for P-almost 
all ojeQ., 

_ n—>oo ^ 

ynioj) — > yoioj) m L\Bn). 

Hence, 

J'^ioj) :=^^7^(aj) = J (fi -ynicxj)"-^ J (p-yo{oj), 
which together with (13.91 ) yields that for P-almost all to, 

f cp(X(co)) < lim J'^ioj) < lim J'^ioj) = f <p ■ yoioj). 
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Since is countable, we may find a common null set c Q such that the above inequality 
holds for all a» ^ Q' and ip . The first conclusion then follows by (i) of Lemma [J4l 
We now prove (13.81) . We make the following decomposition: 



+ r |«A(X„)-«AW|=:/„ + 7„. 



By (1X71) and i/r„ ^ i/r in L} (R''), we also have 



\^{x)\ 

ess. sup — — < C2. 

^ 1 + JC 



Let i(f>m)meN be a family of bounded continuous functions such that 0,„ — > i/r in L^'^^,(K-'') 
m ^ 00 and 

sup ess. sup — — < C2. (3.10) 



We have 



Jn < 



+ I I0m(^n) ~ 0m(-X^)l =• J \nm + ■^2m + -^anm- 



For any 7? > 0, we may write 

J\nm = I I0m(^n) " (A(^n)l 



SA,n{|x„|>R| 

By the change of variable and (13.51 ). we have 



3Nn{\x„\m 
JBA,n|K,|>R| 



By Chebyshev's inequality and (|3.10l) . we have 

EJii<^snpE{l + \X^ixr)<^' 



Combining the above two estimates, we obtain 
Similarly, we also have 



lim supE7i,™ = 0. (3.11) 



lim E72m = 

m— >oo 

and for fixed m e N, by the dominated convergence theorem, 

lim E73„„, = 0. 

Hence, 

lim E7„ = 0. 

n— >(x) 

As proving (|3.11l) . we also have 

lim E7„ = 0. 



The proof is then complete. 
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The following lemma will be used to prove the strong convergence in Theorem 14.71 below. 

Lemma 3.6. Let M be a separable and uniformly convex Banach space. Let (Un)neN be a 
bounded sequence in L^(Q; C([0, T]; B)). Assume that for some u e L^(Q.; C([0, T];B)), 



limE sup |b.<0,m„(O - w(0)bI| = 0. e B*, (3.12) 

Wo,T] 



where B* is the dual space ofB, and 



lim E sup \\\Un(t)\\M - \\u(t)\\J = 0. (3.13) 

«-*°° \re[0,7-] 7 

Then sup^g^Q \\u„(t) - m(OIIb converges to zero in probability as n ^ cc. 

Proof. It is enough to prove that for any subsequence n^., there exists a subsubsequence n'^, such 
that sup,g[Q J] \\Un'^{t) - u(t)\\B converges to zero P-almost surely as k ^ oo. We now fix a subse- 
quence H/t below. Since B* is separable, by (13.121) and (|3.13l) . we may find a subsubsequence 
and a measurable set Q' c Q with P{Q') = 1 such that for all oj e Q', u(co, ■) e C([0, T]; B) and 



lim sup |b*{0, Un'^ioj, t) - u{oj, 0)bI = 0> V(;i g B* (3.14) 

and 



lim sup ||M„'(aj,OllB - llM(i^,OllB = 0. (3.15) 



re[(),r] 



We want to show that for such u) eQ! , 

lim sup \\u„'{(x), t) - u(a), OIIb = 0. 

Suppose that this is not true. Then, there exist a.6 > and a sequence (tk)ken c [0, T] such that 

Wun'^io), tk) - u{oj, tk)\\^ >5, Vice N. (3.16) 

Without loss of generality, we assume that tk converges to to. By (|3.14l) . (|3.15l) and u{a), •) e 
C([0,r];B), we have 

lim \\un'(a), tk) - u(oj, ?o)IIb = 0, 

k—^oo ^ 

which together with u(a), •) e C([0, T]; B) yields 

lim WUn'Xo), tk) - uiOJ, tk)\\M = 0. 

k-^oo ^ 

This is a contradiction with (13.161) . The proof is complete. □ 

We also recall some facts about local maximal functions. Let / be a locally integrable func- 
tion on W' . For every R > 0, the local maximal function is defined by 

MRfix):= sup r fix + y)dy=: sup -f fix + y)dy. 

Q<r<R \Or\ J Br 0<r<R Jb, 

The following result can be found in [7, p. 143, Theorem 3] and |l5l Appendix A]. 

Lemma 3.7. (i) (Morrey's inequality) Let f e L[^^.(R'') be such that V/ e L'j^^iW') for some 
q > d. Then there exist Cq^ > and a negligible set A such that for all x,y e A'^ with \x-y\ < R, 



\fix)-f(y)\ < Cq,d-\x-y\ 



(f 



\Vfnx + z)dz 



< Cq^d-lx-yl-iMBWfnx))''". (3.17) 
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(ii) Let f e Ll^^(W') be such that V/ e Lj^^(R''). Then there exist > and a negligible set A 
such that for all x,y e A'' with \x-y\<, R, 

l/W - f{y)\ <C,-\x-y\- (M«|V/|(x) + MsIV/Kj)). (3.18) 

(Hi) Let f 6 (LlogL)/oc(R''). Then for any N,R > and some C^,a?, > 0, 

r M«|/| < C,,N + cA I/I log(|/| + 1). (3.19) 
( iv) Let f e L''^^^^(^'^) for some p > \. Then for some Cd,p > and any N,R > 0, 

( r (M«|/|)'^) ' <C,J [ IfA" . (3.20) 

\JBn I \JBn+r I 



4. Stochastic Transport Equations 
In this section we work on [0, T] and mainly study the following stochastic transport equation: 

dM = [^o-''o-j'dlu + b'diu]dt + cr'^diudWl, m|,=o = "o, (4.1) 

where cr e R'' x R"' does not depend on x, and b is a BV vector field and satisfies 

diw b(x) e L^^iW'), beBYi,,. (4.2) 



1 + Ul 



We first introduce the following notion of renormalized solutions for equation (14.41) . 

Definition 4.1. A measurable and (']^t)-^dapted stochastic field u : [0, T] xl^ xR'' — > R is called 
a renormalized solution of A4.1\) if for any /3 e C^(R), 

Vt(oj, x) := jS(arctan Utioj, x)) 

solves in the distributional sense, i.e., for any (p e C^(R'^) 

Jvt(p = J ^<'0 + ^J^J" vcT"o-^'dl(/>- J^J vidi\b(f> + b'di(f>)- J^J vcr"di(f>dWi. (4.3) 

Remark 4.2. Since v is bounded, it is clear that both sides of A4.3\) are well defined. 

Our main result in this section is that 

Theorem 4.3. Assume that condition A4.2\) holds. 

(Existence and Uniqueness) For any measurable function uq, there exists a unique renormal- 
ized solution u to stochastic transport equation (|?T|) with u\t=Q = uq in the sense of Definition 
\4.1\ Moreover, for any p > 1 and N > 0, 

arctan u e LP(Q; C([0, T]; LP(Bn))). 

(Stability) Let b^ e Lj^^^{W') be such that divb„ e Lj^^(W^) and b„,db/bn converge to b,db/b 
respectively in L]^^(W^). Let wj] ^-almost everywhere converge to uq. Let u" and u be the 
renormalized solutions corresponding to (b", Uq) and (b, uq) in the sense of Definition \4.1\ Then 
for any p > I and N > 0, 

arctan u" arctan u strongly in LP(Q.; C([0, T]; LP{Bf^))). 

For proving this theorem, we first study the following more general stochastic partial diff'er- 
ential equation: 

du = ^^cr''o-^'dfjU + b'diU + cu^t + io-"diU + h'u)dWl, u\t=Q = Uq, (4.4) 
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where cr and b are as above and 

cKVheL'^iW'). (4.5) 

As Definition I4.1[ we also introduce the following notion about the renormalized solutions 
for equation (|4.4I) . 

Definition 4.4. We say u e L°^i[0, T] x Q. x W^) a renormalized solution of ( 14.41) if for any 

/3 6 C^(R), it holds that in the distributional sense 

d/3(u) = [^CT"o-^'dl/3iu) + b'dfiiu) + cul3'{u)Yt 

+\^\hfp"{u)u^ + h^cr'^dil3'{u)u]dt 
+{(r"dij3iu) + h'u/3'iu))dWl. 

We remark that for equation (14.41) . the renormalized solution is a nonlinear notion, whereas 
the distributional solution is a linear notion. However, under (14.21 ) and (14.51 ). we can show 
that these two notions are equivalent. For this aim, we need the following class of regularized 
functions: 



N:=^ge C^iB,), g > 0, J = (4-6) 

We now establish the following equivalence between the distributional solution and renor- 
malized solution. 

Proposition 4.5. Let u e L°°([0, T]xQx W') be a distributional solution of i\4.4\) . Then under 
( \4.2\i and ( 14.51) . u is also a renormalized solution of H.4^ in the sense of Definition \4.4\ 

Proof. Let g e N and set gsix) := s~'^g{xle). Define 

«.:=Mx):=«,.e.W = /«,frfe(x-,)d,. 



Taking convolutions for both sides of (14.41) . we obtain 

dMe = ^^o-'' o-^' O^jUe + (b'diu) *ge + (cu) * g^^dt + [o-''diUe + (h^u) * ^e]dW^/. 
Let yS e C2(R). By Ito's formula, we have 

d/3{Us) = [^(T"crJ'dl/3{u,) + {(b'diu) * g, + (cu) * g,) ■ /3'M]dt 

+[^/3"{uMh'u) * g,f +/3"M(r"diU, ■ (h'u) * g,]dt 
+[cr"dM + (h'u) * gs ■ /3' iUs)]dWl . 

Write 

:= {{b'diU) * g, - b%(u * g,)) -fi'M 

and 

[g^, h'](u) := (h'u) * g^ - h'(u * g^). 
Let (f> e C^(W'). Multiplying both sides by (p and integrating over R.'', by the integration by 
parts formula, we get 

J = J mis)(f> + /3iUs)[^(T"(T%cf> - dlNbcP - b'diCp] 



- /3'iu,)(r"(di[g„ h']{u)(f> + [g„ h'](u)dt(l^) 
Now taking limits s ^ and using |l6l p.516, Lemma II. 1], we find that 

- rr {{h^u) ■ p'{u)(p - cr'^di(pli{u)]m[ <limsup f frf^ . 
JoJ E^O JoJ 

Since the left hand side of the above inequality does not depend on g, it suffices to show that 



inf lim sup 



^0 



= 0. 



This has been proved in the proof of [2, Theorem 3.5]. □ 

Using Proposition l4.5[ we can prove the uniqueness of distributional solutions. 

Proposition 4.6. Let u e L'^HO, T] x Q; L\W') n L"(]R^)) be a distributional solution ofR4^. 
Ifu\t=Q = 0, then 

Utio), x) = 0, a.e. 

Proof, hetx G C^(R^) be a nonnegative cutoff function with 

1, \x\ < 1, 
0, \x\ > 2. 

Set;^f„(x) := xix/n). By Proposition |43] and Definition I4.4[ we have 



< 1, X(x) = 



(4.7) 



eJu^Xu = E ^'J[^uWai'dlxn-u^b'diXn] 
+E [ - u^AivbXn + 1cu^Xn\ 

+E r r [\h\^u\n - U^diih'xnW]. 



Observe that by ^2. 



\b%Xn\ < 



1^1 -1 o 



n 



(4.8) 



where Ci = 3\\b/(l + W)|U • l|V;rlloo, and 

\h%Xn\ < \\h\L ■ l|V;rlU. 
Since u^ e L~([0, T] x Q; L\W')), by letting n ^ oo, we obtain 

.2 



= ^XX [("'^^^^ + 2c + - C7-'W)m?] 

< \\2c + \h\^ - diwb - o-"dih'\\^ X X 
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which gives by Gronwall's inequality that 



■I 



= 0. 



The uniqueness follows. □ 

In general, it is not expected to have a bounded solution for SPDE (|4.4I) because of the 
presence of stochastic integral f h'udWi (cf. [|24l ). We now turn back to stochastic transport 
equation (|4.1I) . and prove the existence-uniqueness and stability of -distributional solutions 
when the initial value belongs to L"'{W'). 

Theorem 4.7. Assume that condition A4.2\) holds. 

( Existence and Uniqueness ) For any uo e L°°(K.^), there exists a unique distributional solution 
u G L°°{\Q, r] xQxR.^) (also a renormalized solution in the sense of Definition \4.4\) to stochastic 
transport equation d4.il) satisfying 

\\uriaj)\\oo < IImoIU. (4.9) 

Moreover, there is a version still denoted by u such that for any p > 1 and N > 

ueL'\a;Ci[0,T];LP{BM))). (4.10) 

(Stability) Let b,, e Ll^i'R-'') and u^ e L^(W') be such that Aivbn e ^L(R'') and b,,, divbn, u^ 
converge to b, divb, uq respectively in Lj^^^(R^). Let Un, u e L°°([0, T] x Q x R^) be the dis- 
tributional solutions of ( \4.1\l corresponding to {b„,u'^) and (b,uo) and satisfy ( \4.10\) . Assume 
that 

sup ||Mn|lL»([0,7-]xnxR'') < (4. 1 1) 

n 

Then for any p > 1 and N > 0, 

Un u Strongly in LPiQ; C([0, T]; LP{Bn))). (4.12) 
Proof. (Existence) Fix ag e N and a cutoff function satisfying (14.71) . Let 

Qnix) := n'^Qinx), Xn{x) =x{xln) 

and define 

bn = b*gn-Xn- (4.13) 

Let Xn solve the following SDK: 

dX„ = -b„{Xn)dt - crdW,, Xn\,=o = x. 
By Proposition |321 := "o(^^}) solves the following SPDE: 

dUn = ^-0-''crj'd^jUn + b^^diUn^dt + 0-''diUndWl, Un\t=Q = Uq. 

Clearly, u„ e L'"([0, T]xQx R^) and 

{iO, OIloo < IIMoIIoo- 

Therefore, for some u e L'"([0, T] xQ.x W^) and some subsequence n^, 

Un, u weakly* in L'"([0, T]xQx W'). 

Taking weakly* limits, it is easy to see that m is a distributional solution of (14.11 ). Moreover, 
(14.91 ) holds. As for (14.101) , it can be seen from the proof of the following stability. 

(Uniqueness) Let u and u be two distributional solutions of (14.11 ) with the same initial value. 

Then v := u - u e L°°([0, T]xQ.x R'') is still a distributional solution of (1411 with zero initial 
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value. Since v does not belong to L°°([0, T] x Q; L^(R^)), we can not directly use Proposition 
l4.6l to obtain v = 0. Below, we use a simple trick. Let 



It is easy to see that 
Moreover, noting that 



V, e L°°([0, T] X Q; L\R^) n L'^(R'^)). 



'^dxi ^, , , (4d{d+l)XiXj 2d6ij 

- — --jA(x), didjA(x) = — — — - - — -J, 

1 + UP \ (1 + Ul ) 1 + Ul' 



we can check that v, is a distributional solution of 

dv = [icr'V^'^v + b'diV + cv]dt + {a'^diV + h^v)m\, v|,=o = 0, 

where 

b\x) = fix) + [ , h\x) = — 

1 + Ixp 1 + \x\^ 

and 

2dxib'(x) ^ (2d(d - l)XiXj ^ dSij \ 



By (14.21) . one sees that b still satisfies (|4.2I) and c, satisfy (14.51) . Thus, we can use Proposition 
l4.6l to get V = 0. The uniqueness follows. 

(Stability) We follow DiPerna-Lions' argument [6, p. 523]. Fix an even number p > I and let 
Vn '■= Un. Then, by Definition I4.4[ v„ is a distributional solution of 

dv„ = [i(r'V^'4v„ + b\,diVnYt + (T^divAWl, v„|m) = {ulf. 
By (|4.11l) . we have 

sup ||M„||i~([o,r]xaxR'') + sup ||v„||i~([o^7']xnxR'') < +''°- 
n n 

Without loss of generality, we may assume that m„ and v„ converges weakly* in L°°([0, T] x 
Q X W') to a and v, which are distributional solutions of (14.11) corresponding to M|f=o = and 
v|f=o = '•^^ assumptions. By Proposition |43] and the uniqueness proved above, we have 

uP = v. 

Thus, 

ul uP weakly* in L~([0, T] x Q x R^). 

Hence, for any N > 0, 

E r r <^E r r m^'. 

Jo Jbjv Jo Jbn 

By virtue of 

weakly in L'\[0, T]xQx B^), 

we thus obtain that for any N > 0, 

u„ u strongly in L^([0, T] x Q x Bj^). (4.14) 

We now strengthen this convergence to (14.121) . Let w„ = u„- u. Then we have for any N > 
and e C~(5w), 

J WnA = J w„fi(f> + J J" [w„^(r"o-j'dl(() - w„(d^vb(f) + b'dici))] 

16 



c{ Koi +crr iw„i +crr \\Aiv{bn-b)\+\b\-b'\] 

Jbn JoJbn JoJbn 



,(r"di(f)\dW'^ 



Hence, by BDG's inequality, (14.141) and the assumptions, we get 



lim E I sup 

\te[0,T] 



< C lim '. 



I I \w„\\ ds 

\Jo \Jbn I ) 



1/2 



By another approximation, we further have for any N > and e L^^^p ^\B]^), 



lim E I sup 

\fe[0,r] 



Jbn 



= 0. 



Similarly, we also have for any N > 0, 

lim E j sup 

\te[0,T] 

Combining (HTTTT) . (14.151) and (14.161) . we then obtain (BTHl) by Lemma [X6l 



I (<f-"f) 
JBn 



= 0. 



(4.15) 

(4.16) 
□ 



We are now in a position to give: 

Proof of Theorem WJ\ (Uniqueness) Let u and m be two renormalized solutions of SPDE (14.11) 
corresponding to the initial value Mq in the sense of Definition 14.11 Then arctan u and arctan u 
are two distributional solutions of SPDE (14.11 ) corresponding to the initial value arctan mq. By 
Proposition 14. 6 [ we have 

arctan u = arctan u. 



Hence, 



u = u. 



(Existence) Let v be the unique renormalized solution of SPDE (|4.1|) given in Proposition l4.7l 
corresponding to the initial value arctan uq e [-n/2, n/2]. Since 

liVf(a;)||co < II arctan Mo I loo < n/2, 

we may define 

Ut(a), x) = tan Vt(co, x) 

so that M is a renormalized solution of (14.11 ) in the sense of Definition 14. 1[ 
(Stability) It follows from the stability in Theorem |4.7[ 



5. Stochastic Flows with BV Drifts and Constant Diffusions 
Consider the following SDE: 

dX,ix) = b{Xrix))dt + crdWt, Xq = x. 
In this section, we use Theorem 14. 3 1 to prove the following result. 
Theorem 5.1. Assume that b is a BV vector field and satisfies 



(5.1) 



bix) 



, divb(x) e L'^(W'), b e BV/o, 



1 + \x\ 

Then there exists a unique almost everywhere stochastic invertible flow to SDE 0.71) in the sense 
of Deflnition 12. i I 
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Proof. (Existence): Define bn as in (14.131) . Let X„ ^^X-^) solve the following SDE: 

Xn,M) = ^ + J bn{Xn,sAx))dr + (T{Wt - W,), ^/t>s>0. (5.2) 

We divide the proof into two steps. 

(Step 1): Fix t > 0. By Proposition 13. 3[ v)^ ,.,.{x) := X^^, j(jc) solves the following backward 
stochastic Kolmogorov equation: 

dv^ + ^cr'V^'^v^d^ + b'M,ds + a'divi * dW, = 0, vfj,=, = /, 

and by Proposition 13. 2[ u)^j{x) := \X~\^^{x)\^ solves the following equation: 

Aul = ^(r"crJ'dlu'^ - b%ui<^t - a^diu\m\, u%o = x', 

where x'' is the k-th coordinate of spatial variable x. 

By Theorem 14.3 [ let v^, and be the unique renormalized solutions of the following SPDEs 
in the sense of Definition 14. II 

dv'^ + ^cr'V^'5?,.vM^ + b'diV^ds + a'^diV^ * dW, = 0, v%=t = x\ 
2 

du^ = Kr^a^^d^i/ - b'diU^ds - a^diU^dW^ u%=q = /. 
Then by the stability result in Theorem 14.3 [ we have for any p > \ and N > 0, 

lim E sup I I arctan ^ , - arctan J'' =0 (5.3) 

\se[0,f] JBn " 'I 



and 



Define 



lim E sup I I arctan ^ - arctan u'lf = 0. (5.4) 

«^°° \.ve[0,r] Jb;v ' / 



Xt{a), x) := vojio), x), Yt{a), x) := Ut(co, x) 

Below, we want to show that Xt(x) satisfies (A), (B) and (C) of Definition 12. II and X~^{a), x) = 
Yt(co, x). 

(Step 2): By (1531 ). we have for any p > 1 and > 

lim Ell I arctan q , - arctan vf, ^.|'' = 0. 

Hence, there exists a subsequence still denoted by n such that for almost all (s, a>, x) e [0, t] x 
Q X R'^ and any = I,-- - ,J 

lim arctan q ^(oj, x) = arctan Vg ^(o), x), 

i.e., 

lim X„,o,.(<^, x) = X.io), x), 

n— >oo 

as well as for {P x ^)-almost all (co, x) eQ.x W', 

lim Xnfljico, x) = Xt{a), x). (5.5) 

Note that by (IXH) and (g^, for any p ^ 1, 

E|det(VZ-i/;c))|" < e^.^iidivMU ^ gC„r(iidiv.|u+||/,/(i+|x|)iu)_ 
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By Lemma [331 it is easy to see that (A) and (B) of Definition 12 . 1 1 hold, and for any N > 0, 

lim E r r \di\bn(Xn o s) - di\b(X,)\ = 0. 
Thus, for (P X ^)-almost all (co, x)eQ.x R^, 

— > exp< I divZ7(Zi(a), ;c))d5' > =: Pf(a», x). (5.6) 

On the other hand, for fixed t > and P-almost all 6 Q, it holds that for all (p,i/f e C^{R^), 

J ip{u„,{oj)) ■ ifj = J ip{X;l,{co)) ■ i/r = J ^ • iA(X„,o,rM) • det(VX„,o,,(a;)). (5.7) 

If necessary, by extracting a subsequence and then taking limits n ^ oo for both sides of (15.71) . 
by (l54l) . (1531) and (15^ . we obtain that for P-almost all coeQ. and all v?, lA 6 C+(]R''), 



^(y,(a>)) ■ lA = ip ■ i^(X,(co)) ■ p,(co). 



Thus, by (ii) of Lemma l3.4l one sees that (C) of Definition 12.11 holds . 
(Uniqueness): It follows from Propositions 12.31 and 14 .7 [ 



6. Stochastic Flows with Sobolev Drifts and Non-Constant Diffusions 
We first prove the following key estimate. 



Lemma 6.1. LetXt(x) andXt(x) be two almost everywhere stochastic flows of U.l^ correspond- 
ing to (b, cr) and (b, &) in the sense of Deflnition \2.1\ where 



and 



b,beLl^(R'), meiLlogL)iUEf) 



Then, for any T,N,R > 0, there exist constants Ci , C2 given below such that for all 6 > 0, 



log 



V 



52 



+ 1 



where 



te[0,T] 







l/2\ 


r \b-b\ + 








JBr 




x)\ V \X,{(^,x) 







Ci := C, 



d.R,N 



1 + r iv^iiog(iv^i+i)+ 

JB2r 



r iV(Tp 

Jb2r 



and C2 ■= Cn ■ T ■ Kjfjo-. Here, KT,b,(T is from 112. C^xn only depends on d,R,N, and only 
depends on N. 
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Proof. Set 

Z,{x):=X,{,x)-Ux). 

By Ito's formula, we have 



||(r(X)-<T(X)||2 |(cr(X)-(T(X)y-Z|2 ^ 



hit) + hit) + hit) + hit). 



For we have 



hit) < ^ IW - biX)\ds + 2 J M^^i^d^ =: + hiit). 



^/\zfTs^ 



Below, we write for a continuous function / : R+ 
Noting that 



fiT) := sup 1/(01. 

te[0,T] 



G^ioj) c {x : \Xria), x)\ < R} n {x : \X,ioj, x)\ < R}, Vf e [0, T], 
by (12.11) . we have 

Jof Jo J{|ZKfi} o Js^ 

where 1^,6,^ ■= T ■ KT,h,a, and by if o X « ^ and if o X « ^, 

E J^^ |/*2(r)| < QE J^^ ([M«|V^|](X) + [M«|V^|](X)) 

^ ( r WRmMX) + r [M«ivsi](x)) 

\J{|XKR| J{\x\m I 



< Cd • iKT,b,cr + KjIjq) 



Hence, 



< Cd,R-iKT,b,a + Kj^iM+ r |VS|log(|VS| + l) 

\ JB2r 



,{ \hiT)\ < Cd,R-iKT,b,a + KjiA\+ { |VS|log(|VS| + l) 

n 

Jo Jb, 



KT.b,cr '"^ 



+^ \b-b\. 

O Jo J Br 

For /2(0, set 

Ti?(a;, x) := inf > : |X,((x>, x)\ V ;c) > 7?}, 

then 

G^M = U:r«(a;,x)>r}. 

By BDG's inequality, we have 



r i/*(r)i < r e( sup f-^ 

JfijvnG^ Jfijv Ve[0,rAT/i] Jo 
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<Z,((r(X)-(T(Z))dW^,) 



|Z|2 + (52 



< c 



XnTf\Tii 
E 



\cr{X) - &{X)\' 

|Z|2 + 52 



ds 



< Cn 

As the treatment of Ii{t), we can prove that 




^{Ar:r«(A:)>.s) 



|cr(X)-(T(X)|2 

|Z|2 + 52 



/ 



|V(Tp 



+ 



Cm • K 



CT - cr 



73(0 is deak with similarly and ^t) is negative and abandoned. The proof is thus complete. □ 
Lemma 6.2. Let 0(ct», x) := sup^g^Q |Xf(ct>, - X^cc*, x)\^. Assume that for some M > 0, 



where G^{a)) is as in Lemma \6J] Then, 



log 



+ 1 U M, 



mco)\<^ + 6\e''~ -1)\Bn\, 



where \Bn\ denotes the volume of the ball Bj^. 
Proof. It follows from 



log 



and Chebyshev's inequality. 

We introduce the following assumptions on b and cr: 

(HI) b e L^iW), m e (LlogL)fo,(R^) and cr e LljW), |Vcr| e Ll^iR"). 
(H2) There exist Z7„, cr„ e Cf"(R^) such that 



(i) For any R > 



lim I - = 0, lim I |cr„ - crp = 



and 



iup r 



sup |VZ>„|(log(|VZ>„| + D) + |V(r„n<+oo. 



(ii) For some Ci, C2 > independent of n. 



and 



[-divZ>„ + ^di(TJ]dj(T'i + (T'id^jO-il + |diV(T„P]1U < Ci 



<x,Z7„W>B,. + 2\\o-„ix)\\l,s. < C2(kP + 1), Vx e R''. 



We are now in a position to prove our main result of this section. 



(6.1) 

(6.2) 

(6.3) 
(6.4) 



Theorem 6.3. Assume that (HI) and (H2) hold. Then there exists a unique almost everywhere 
stochastic flow of ALU in the sense of Definition 12. i I Moreover, the constant Kj-hcr in l\2.1\) is 
less than e*''^, where Ci is from ([6.3\) . In particular, ifC\ = 0, then Kjha- < 1. 
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Proof. (Existence): Let bn and cr„ be as in (H2). Let X„ solve the following SDE 

dXn = K(Xn)dt + (Tn(Xn)dW„ X„|,=o = X. 

We want to prove that for any T,N > and q e[l,2), 

lim E I sup \X,u(x)-X,„t(xWdx = 0. (6.5) 
First of all, by (|6.4I) . it is standard to prove that 

sup sup E sup |Z„j(x)P < +00. (6.6) 

n xsBn \te[Q,T] ' I 

Thus, for proving (16.51) . it suffices to prove that for any rj > 0, 

lim P\a) : I sup |X„ f{to, x) - X,„ tioJ, x)\^dx >2r] \ = 0. (6.7) 

n,m^c<, [ JB^tmT] ' ' J 

Fix £,r],T > below and set 

^„^,„{a), x) := sup \X„j(co,x) - X,„^,{a),x)\^ 
tmT] 

and 

GlJco) := {.^ e : sup \X„j(co, x)\ V |X,„,,(a;, x)\ < r). 



te[0,T] 



Then, 



For /,f by Chebyshev's inequality and (|6.6I) . we may choose 7? > large enough such that for 
all n, m 6 N, 

/f„ < -E r O,,,^ < - r (eoL -Piuj-.xi Gf,„loj)]f < e. (6.9) 

Fixing such a i?, we look at 7^^. Set 



By dXH) and (Q, we have 



sup sup E|det(VX-;)(x)r < e^'^', (6.10) 

" re[0,r],.veR'' 

which yields that the constant KTx,a-„ in (|2.1I) is bounded by e*-'^. Hence, in Lemma 1611 if we 
choose 



S = 5n,m = I - b,n\ + I |cr„ - 

Jbr VJbr 



then by (|6.2I) . we have for some Cy ^.A' independent of n, m. 

Thus, there exists an Mi > such that for all M ^ Mi and all n, m, 

P(^t:;^ > M) < e. 
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Now, by Lemma [6l2l and (16.11) . we may choose M > MyW SR^/rj and n,m large enough such 
that 



A{e^' -\)\B, 



which leads to 



„(6J) 

Hence, first letting M large enough and then n, m large enough, we obtain 

4„ < /'(Qf,„) + P{^,;:m >M)^s. (6.11) 

Combining (16.81) . (16.91) and (|6.11l) . by the arbitrariness of e, we get (|6.7I) as well as (16.51) . So, for 
e (1,2), there exists a stochastic field X e Ll^iM!^; Li{Q.; C([0, T]))) such that for any > 

lim E I sup \Xn t{x) - Xt{x)\''dx = 0. 

Jba, r6[0,T] 

In particular, there is a subsequence still denoted by n such that for (P x ^)-almost all {oj, x) e 
QxR^ 

lim sup \Xnj{a),x) - Xt(a>,x)\ = 0. (6.12) 

In view of (16.61) . (|6.10l) and (16.121) . by Lemma |331 and (16.11) . it is easy to check that Xt(oj,x) 
satisfies (A) and (B) of Definition 12.11 

(Uniqueness): Let Xt{x) and X^x) be two almost everywhere stochastic flows of (11.11 ). Then, 
by Lemma I67T1 we have for any T,N,R > and 6 > 0, 



r log 



+ 1 



< c 



6^ 

where Ct,n,r is independent of 5. Letting 6 go to zero, we obtain 

1g'*(w)(-^) • sup \X,{a), x) - Xt(oj, x)\ = a.e. onClx Bn 

^ te[Q,T] 

The uniqueness then follows by letting R —> (X). □ 
The following example is inspired by ll22l[T9ll . 

Example: Let d > 3. Consider the following SDE in W' with discontinuous and degenerate 
coefficients: 

BXt X,®X, 
dX, = ^dt + ^r-T^dW,, Xo = x, 

where yS > {Acf + 5d)l{d - 2). Define 

\x\ \x\ 

and 

bn{x) := — — , CTnix) — 



\x\^ + \ln ' |jcp + l/n' 

By virtue of J > 3, one sees that for any ^ e (1, 3/2) 

m e Ll^{W') c (LlogL)fo,(R^), \Vct\ e LI^(R'). 

Thus, (HI) is true for b and cr. 

Let us verify (H2). First of all, (|6l1) . (lO) and (|64|) are easily checked. We look at (|63|) . 
Noting that 

5,(;c-'V)(|;c|2 + l/n)-2xW 



<9,cr^'(x) = 



(UP + l/n)2 
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we have 



diver = dicr (x) = — 



(UP + 
Hence, 

((d - + {d+ l)/nf\x\^ 



J]\divcri(xf = 



(UP+ l//l)4 



((d-l)\x\^ + (d+l)/ny Ad^ 

^ : — ~ : — ^ 



and 

{d + 3)|xp(|xp + linf - Win - A\x\^ d + 3 



diO-i!(x)dj(r1,(x) = 



Similarly, we have 



<'(^)5,div(r„'(x) 



Sid-IM" + (d+\)\x\^/n 4\xW(d-\)\x\^ + {d+\)/n) Ad -2 



(|xp + l/n)3 (|;cP + 1/r)4 UP + 1/n' 

Moreover, 

divZ7„(^) = --r — -— + 



UP + l/n n(|jcp + l/n)2' 
Thus, combining the above calculations and by yS > {Ad^ + 5d)/{d - 2), we have 

-divb, + ^-di(T^!djal + oidfjcril + |div(r„p < 0, 

and so, (16.31) holds. Thus, (H2) is also true. 
We now give two corollaries of Theorem l6.3[ 

Corollary 6.4. Assume that (HI) and (H2) hold. Let Yq e L^{0., Tq) be such that P oYq <^ ^ 
and the density jq e U°(W^). Then there exists a unique continuous (%)-adapted process F^oj) 
such that 

PoYt^^ with the density y, e L^^(R+; L"(R^)) (6.13) 



r b(Y,)ds+ f ( 
Jo Jo 



and Yt solves 

Y, = Yq+ I b{Y,)ds+ I cr(y,)dW,, V?>0. (6.14) 
Moreover, 

Y,{co) = X,{coMco)\ 
where Xt{x) is the unique almost everywhere stochastic flow given in Theorem \6.3\ 

Proof. As in the proof in the appendix, we can check that YtioS) := X,{cii, Yq{(jS)) solves equation 
(16.141) . Moreover, since X,{x) is independent of Yq, by (|2.1I) . we have for any (p e £'^(W') and 
te[0, T], 

EcpiY,) = E(E^(X,(x))Lv=i'o) = r mXr(x))r,(x)dx 

< llrolloo I E(p{Xt(x))dx < llyolloo • KT,b,<T I (p(x)dx, 
which implies that P o Y, <^ ^ and the density y, satisfies 

sup ||r,iu < llrolU • KT,b,a- 

fe[0,r] 
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Let us now look at the uniqueness. Let Y, be another solution of (16.141) with Yq = Yq and 
satisfy that 

P o « ^ with the density y, e L^^(R+; L~(R^)). (6.15) 
It is now standard to prove that for any T > 0, 



Set 

and for i? > 

Then by (16.161) . we have 



sup |y,r +E sup |y,r| < +00. (6.16) 

te[Q,T] I \te[QJ] 



Zt := Y, - Y, 
Tr := inf{f > : |y,| V |yj > R}. 



'lo) : lim Tr(6u) = +oo \ = 1. 



As in the proof of Lemma [6?T1 we have 



I <P / Jo |Z|- + «'- J„ 

/ 

Jo 

C r (E(l|y|^«-[M«|VZ7|](y)) + E(l|^l^^-[M«|VZ7|](y)))d^ + C: 
Jo 



™ CE r \[MRm](Y) + [MRm]iY))ds + CT (6.17) 



I6l3ll6l5l 



< Cr r [Mfi|VZ7|](3;)d); + Cr 

J|.vl<R 

ins r 

< Ct \Vb\(y)\og(\Vbiy)\ + l)dy + CT, 

which yields the uniqueness by first letting 5 — > and then R ^ oo. □ 
Corollary 6.5. In addition to (HI) and (H2), we also assume that for some q > d, 

Let Yq e L^{Q,To) be such that P o Yq <s: ^ and the density 70 e L"'(W'). Then Yt(co) := 
Xt{co, Yo(a))) uniquely solves SDE <\6.14\i . where X,{x) is the unique almost everywhere stochastic 
flow given in Theorem \6.3\ 

Proof. Following the proof of Corollary 16. 4[ we only need to prove the uniqueness. Let Y be 
another solution of SDE (16.141 ) with the same initial value % = Yq. Choosing q' e (d,q), and 
using (13.171 ) in (16.171 ). we have 

/|2 |2 \ pt/sTR 

ElogI + 11 < C,,E J [MR\Wf''\Y)ds + Ct 

lI3J r 

< C,'j [MRmn"'(y)dy + CT 



Em 

Cq'J 

EM r 

< C,',T,,,R m\y)dy + CT, 

JlvN 



'lyHR 

which in turn implies the uniqueness as Corollary 16. 4[ 
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7. Proofs of Main Results 

We first give: 

Proof of Theorem \2.6\ Under (|2.6I) and (12.71) . it has been proven in Theorem 15. II We now 
consider the case of (12.61) and (12.81) . Let us define b„ := b * Qn ■ Xn and (Tn := a * Qn ■ Xn as in 
(14.131) . Note that as in estimating (l48l) . 

IVZ^J < \^b\*Qn-Xn + \b\*gn-\^Xn\ 

< |VZ7|*t.„ + 2||V;rlU-|Ml + W)|U 

=: \Vb\*Qn + C,. 

If we define 

¥(r) :=(r + Ci)log(r + Ci + 1), 
then r ¥(r) is a convex function on R+. Thus, by Jensen's inequality, we have for any R> 0, 

r ivzp„iiog(ivi7j+i)< r ^>{m*Qn)< r r w^d. (v.d 

Jbr Jbr Jbr Jbr 

Moreover, by (12.61) and (|2.8I) . it is easy to check that 

sup + lldiv^JU + l|V(rJU + IllcrJ ■ |Vdiv(r„|||eo) < +oo. (7.2) 

Hence, (HI) and (H2) hold. 

By Theorem 16.31 there exists a unique almost everywhere stochastic flow. Following the 
proof of Theorem l6.3l we only need to check (C) of Definition 12. 1[ 

Fix a r > and let 

A, := exp 1^ [Aivbn - i«9,(rf 5,<')(Z„)d^ + ^ divcr„(Z„)dW, 

As in Lemma inl and by (17.21) . we have for any p ^ 1, 

supsupE|p„(x)|'' < +CX3. (7.3) 

In view of (|63l) . (16.101) and (16.121) . by Lemma 1331 we have for any > 0, 

lim E f f \A\vb„{Xn) - Aivb{X)\ = 0, 



;l— >oo 



JB 



N 



lim E r r \diCrjldj(T'^{X„) - diCrJ'djcr"(X)\ = 0, 
Jo Jb„ 

limE r r (divcr„(ZJ - div(r(X))dW^, 
Jb„ Jo 

So, there is a subsequence still denoted by n such that for almost all {co, x), 

lim pnio), x) = prico, x), (7.4) 

n— >(X) 

where pr(-^) is defined by (|2.2I) . By (17.31) and (17.41) . we further have for any p > I and N > 0, 

limE r |p„-pd'' = 0. (7.5) 

"-"^ JBn 

Now, let y„ solve the following SDE 

dYn = -k{Yn)dt + cr„(F„)d<, y„|,=o = X, 
where b'„ = b'„- o-jldjO-'J^ and V7f := Wr-; - Wy. As in the proof of Theorem l63l there exists 

YeLl^iR';LHa;CmTm 
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such that for any N > 0, 

lim E r sup \Y„t{x) - Yt{x)\'^dx = 0. (7.6) 

"-"^ JBn te[Q,T] 

Note that for any (p,iff e C'^{W') (see the proof of Lemma 13 .11) . 

J (p(Y,j(C0)) ■ l/f = J if ■ ll^{XnAco)) ■ Pn{Oj\ P - G.S. (7.7) 

By (|6.12l) . (|7.5I) and (|7.6I) . if necessary, extracting a subsequence and then taking limits n — > oo 
in L\Q.) for both sides of (TTJl) . we get that for all ^, i/^ e ^ c C+(K.'') and P-almost all o) e Q, 

J <P{Yt(oj)) ■ il^ = J (f ■ iffiXrioj)) ■ prico). (7.8) 

Since 'tf is countable, one may find a common null set Q' <z Q. such that (17.81) holds for all 
a» ^ Q' and (p,i/f e^. Thus, by (ii) of Lemma l3.4l one sees that (C) of Definition 12 . 1 1 holds . 
We next give: 

Proo f o f Theorem \2.8[ We follow the classical Krylov-Bogoliubov's method. Let Yq be an 
!fo-measurable R''-valued random variable. Suppose that the probability law of Yq is absolutely 
continuous with respect to with the density yo e L'"(R''). Define Yf{a)) := X,{(x>, Yo{a))) and 

iu„(ip):=- f EcpiY,)ds=- [ E[(T,<^)(Xo)]d5, 
nJo n Jo 

where {X^ix), x 6 R.'^lfX) is the unique almost everywhere stochastic flow of (11.11 ). 
Noting that y,(a») solves the following SDE (see Corollary 16.41) 



Y, = Yo + b(Y,)ds + J cr(Y,)dW„ 
by (12.91) and Ito's formula, it is standard to prove that 



Wtf < BIFoP or 1 r E\Yfds < + ^. 

'Jo ^1' ^1 

From this, we derive that the family of probability measures //„ is tight. 
On the other hand, for any (p e J^'iW'), we have 



l^ni<p) = - 1 1 T,^(jc) ■ yoix)dxds 
n Jo jRrf 

< llrolU- r r T,ip{x)dxds 

n Jo J-gd 

iZD r 

< IIToIU ■ ^i,o- ■ ^{x)dx. 



ixn =^ 



which means that 
and the density y„ satisfies 

lly«IU < IItoIU ■ Kb^a- 

Hence, there exists a subsequence n^, y e U°(W^) and a probability measure such that 

y,,^ weakly * converges to y in L"'(R.'') 
and weakly converges to /i in the sense that for any ip e Ci(R'') 

lim I ^(x)yu„,(d.«) = I ipix)iJL{dx). 
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Since for all ip e C,{W^), 

we have /i(dx) = 'y(x)dx. 

Let us verify (ITTOl) . For G L^R^) and ? ^ 0, since T,^ e L'(R''), we have 

r T,^(jc)y(x)dx = lim f T,(^(jc)y„,(jc)djc = lim — f f T,Tf^(x)7o(-^)dxd5 

JK'' Jr'I /^i: Jo JR'' 



1 r"* r 

= hm — Tt+Mx)7o(x)dxds 

k-ioo rik Jo Jr'I 

1 / r*"* r* (^"k+t n c' c \ 

= lim- + - n,ip{x)y^{x)dxds 

k^oo Hk \ Jo jRd Jnk JR-' JoJkL''/ 



= lim I (p{x)yn,{x)dx = I (^(x)7(jc)djc. 



The proof is thus complete. 



8. Appendix 



Before proving Proposition [231 we need the following simple lemma. 

Lemma 8.1. Let 5f and be two independent cr-subalgebras ofT. Let G : Q x R'' ^ R 

a bounded ^ x !B{W')-measurable function and X : Q. xW^ ^ a £/ x B(W^)-measurable 
mapping. Suppose that for P -almost all oj, ^ o X{u), ■) «. =Sf. Then for ^-almost all x e R'', 

¥,{G{;X{;X))W) = (EG(;y))\y=x(;.). (8.1) 

Proof. Define GeCo), := G{a), •) * gsiy), where Qe is a family of regularized kernel functions 
as in Section 4. It is easy to see that 

E{Ge(;X(;X)W) = (EG,(-,y))|,=x(.,x). (8.2) 

Since for (P x if)-almost all (co,y) eO.xW', 

limGe(a;,y) = G{a),y) 

and 

iPx^)o{.,X(-,-)) «Px^. 



By taking limits e ^ for both sides of (lO) . we get (lOl) . □ 

Proof of Proposition \2.4[ Consider the case of almost everywhere stochastic invertible flow. 
Fix an 5 > below. By (B) of Definition 12. 11 one sees that 

iPx^)o XA; ■)) «Px^. (8.3) 

Therefore, there exists a null set A ^ c f2 x R'' such that for all {to, x) i A v, 

Xt{0J,x), ?G[0,5], 
Xt.,(e,iO, X,{C0, JC)), t 6 [5, oo) 



X^{a),x) :-- 



is well defined. We now check that X still satisfies (A), (B) and (C) of Definition 12. 1[ 

Verification of (A) for X: It is clear that for ^-almost all x e W', t Xtix) is a continuous 
and (!Fr)-adapted process. We just need to show that for any t > s, 

f \biXrix))\dr + f \(riXr(x))\^dr < +oo, {P x ^) - a.e., (8.4) 

•J S *J S 
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and for ^-almost all x e W', 

Xt{x) = X,(x) + biXrix))dr + J cr(l,(x))dW„ P - a.s. 
First of all, by (lO) it is easy to see that (l84l) is true. We look at (fO) . Write 



Y,/u), x) := X,_,{e,a), x), t> s 



and for M > 0, set 



Tm{oj,x) :=mf It >0 



: I |cr(Xr(a», 
Jo 



;c))|Mr > M 



Then for ^-almost all x,y e W', 

TM(6s{-),y) and Ysj{a),y) are independent of Xv(jc). 
By (A) for X and (D, we have for (P x ^)-almost all (co, x)eQ.x W', 

lim TM(ds{oj),Xs(a>,x)) = +00. 

Observe that Y^jix) solves 



For verifying (18.51) . by (18.71) it suffices to show that for ^-almost all x e R'', 

^tATM(eA-),y) /-fATM(e,(-)XW) 
o-(YUy))dWr 



r 



r 



a{Y,,r{yMWr 

We extend cr(y^ ,.(y)) = for r < s and define for h> 

fr(y) ■■=]■[ cr{Y,y(y))dr'. 

h Jr-h 

Then r ^ friy) is a continuous and (!FJ)-adapted process and 

J |//Xj)Pdr < J |(r(y,,,(3;))|2dr, Inn J - CT{Y,^r(y))?dr = 0. 



Hence, for any 7? > 0, by (18.61) and Lemma [STl we have 

VArM(0,(-)XW) 



J|X,,(jc)|<R Ji 

r I r 



{f,\X,(x)) - o-(Y,^r(Xs(x)mWr 



dx 



dx 



tAru{eA-),XAx)) 



\fi{X,{,X))-(T{Y,,riX,{x))f-\ 



Iril 



c I r 

JBr \Js 



\f:iy)-cr{Y,,{y))\-\\y\m^r 

'tATM(0si-),y) 



dx 



y=XAx)J 



\f!.\y)-(riY,^riyWdr\dy 



0, as /z ^ 0, 
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where the last step is due to (18.91) and the dominated convergence theorem. Similarly, we can 
prove that 



limE 



I f 

J\XAx)HR \Js 



dx = 0. 



y=X,{x)J 



Thus, for proving (18.81) . we only need to prove that for fixed h > 0, 



fr(y)dWr 



■fATM(e,(-),x,(.t)) 



f!'iX,(x))dWr, P - a.s. 



(8.11) 



Let A„ = { 5 = ro < ri < • • ■ < r„ = be a division of [s, t]. Write 



and 



rieA„\{r„) 



ft^TM(6A■),y) 



Then F'^iy) and F'\y) are independent of Xs{x) and for =Sf -almost all y e 



l\F':fy)\ < Q,M, lim Wniy) - F m = 0, 

|A„|">0 



(8.12) 



where |A„| := minrj.gA„\{f„ll''*:+i ~ ^kl- Thus, as in estimating (18.101) . by (12.11) and (I8.12|) . we have 



and 



lim E f 
lim E I 



ix)\<R 



FliX.ix)) 



F^iXXx)) 



-I 
-I 



t/sTMieA-lXAx)) 



f!!(X,(x))dWr 



t/\TM(6A-),y) 



dx = Q 



dx = 0, 



y=XAx)) 



which in turn yields (18.1 II) . 

Verification of (B) for X: By (18.61) and Lemma 18. 1[ we have for any bounded measurable 
function ip, 

E^(y,,,(X,(^))) = E(E^(y,,(3;))|,=x,Cv)). 



Hence, by (|2.1I) . we have for any s < t 

[ Eip(Umx= f E<piY,,(Xsimdx < KT,t,^ [ E(p(Y,,(y))dy<Kl,^ [ ^ix)dx. 
Verification of (C) for X: Fixing ? > 5, we have for (p e £.'^(W'), 

f ^(x;'(co,x))dx = f <p{x;\co,x;:^{e,co,xmx 

jRd Jr'' 

= I (p(X;\a), x))pt-si0sOJ, x)dx 
Jr'^ 

= I (p(x)pt-AdsOJ,X,(a),x))p,ia),x)dx. 

jRd 

Noticing that 

Pr-M; X) = exp U [divZp - ^di(T^'djcr"](Y,,,(x))dr + J div(r(y,,(x))dW,| , 
as in verifying (18.51) . we have 

exp 1^ [divb - ^diCr^'djO-"](X,(x))dr + diva-(Z,(x))dW, 



Pr-sie,,;X,ix)) 
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Thus, 



= exp I [divZ7 - ^di(Tj'djCr'']{t(x))ds + ^ divcr(X,{x))dw}j . 

Finally, by the uniqueness, we have for (P x =Sf )-almost all (to, x) e Q.X W^, 

Xiioj, x) = Xtioj, x), V? > 0, 

that is, (1231) holds. 

Markov Property (12.41) : It follows from (12.31) and Lemma [8H as well as the independence 
ofX,ies-,x) andTs. 
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